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1. INTRODUCTION 
The present article is a continuation of [2] to which we refer as L.P.I. We 
facilitate its reading by repeating a few key definitions. 
Letf: R+Rn, wheref=f(t) E C’(R), with the second derivativef(j;(t) piecewise 
continuous and having only discontinuities of the first kind. We also assume 
that fit) has only finitely many zeros in every finite t-interval. We define the 
class J? of motions f(t) in R” as the totality of functions f(t) satisfying the 
above conditions. 
Let S be a closed and connected set of R”. We are concerned with the subclass 
of motions 
(1.1) (S) = {f(t); At) E S for all t, f(t) f .l}. 
With the supremum norm on R we consider the functional 
(1 .a RN = llfll4m. 
The problem is to determine the quantity 
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called the Landau constant of the set S. A few examples of sets S, when L(S) 
can be explicitly determined, were given in L.P.1 $8 1 and 2. 
Evident from the definition (1.3) is the monotonicity property: 
(1.4) If S, c S2, then L(S,) 5 L(&). 
A result from L.P.I. (Theorem 2) worth repeating here is the following 
THEOREM FOR CONVEX SETS. If the set S is convex and bounded, then 
(1.5) L(S) = ti, where d = the diameter of S. 
An immediate consequence, not mentioned in L.P.1, is the 
COROLLARY 1. If S is a closed and bounded set, then 
(1.6) L(S) 2 \l;r where d = the diameter of S. 
For if K is the convex extension of S, then S and K have the same diameter d, 
while (1.4) and (1.5) show that L(S) 5 L(K) = a. In the next paper [3] we 
determine the Landau constant L(CR,,) of a circular arc CR,, of radius R and 
length 1 and then show the following: 
(1.7) There are sets S of diameter d having arbitrarily small L(S). 
The results of L.P.1, II, and III, were given a few years ago in [l], except the 
theorems of L.P.III on time-optimal control problems. 
2. THEMAINRESULTSFORMOTIONSONCURVES 
For the remainder of our discussion we assume that the set S reduces to a 
curve r. As expected, we get in this case simpler and more definite results. To 
start with, we assume that ris in the complex plane, that it is rectifiable with a 
continuously turning tangent, and that it is endowed with a piecewise con- 
tinuous radius of curvature R(s) as function of its arc-length s. The function 
R =R(s) should also have only discontinuities of the first kind and should 
satisfy the Dirichlet condition; on some portions of r we may well have 
R(s) = ao, meaning that r has straight segments. 
We classify arcs r into four cases, 
CASE 1. r is a bi-infinite arc, a parabola being a good example; measuring s 
from a point 0 onrwe have -oo<s<w. 
CASE 2. ris a half-infinite arc. If 0 is its endpoint, then we think of f as a 
bi-infinite arc (Case 1) doubled-up on itself at 0. Thus again - m <s< 03, with 
+s corresponding to the same point of r. 
CASE 3. Tis a closed curve of total length 21. A circle, or an ellipse are good 
examples. It is convenient to think of the real s - axis as being wrapped around 
r, so that s and s + 2/k represent the same point on r. Thus again - 09 <s < 00. 
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CASE 4. Tis a finite arc of length I, It is convenient to think of Tas a closed 
curve (Case 3) with its two halved 0s~~ I and 0 2s~ - I identified. Now the 
three arc-lengths S, s+ 21, and -s, correspond to the same point of r. Again, 
alongr, --03cscoo. 
As in the general case of sets S we select a fixed constant 
W) A>O, 
and consider the subclass of motions 
(2.2) (T)A = {f(t); f(t) E r, [j(t) 1 5A for all t}. 
Our main result is 
THEOREM 1. There is in (& a unique motion 
(2.3) S(t) =.Cm 
called the Landau motion on r, corresponding to the constant A, and having 
the following four properties: 
(0 
(2.4) 1 y(t) 1 = A for all real t. 
(ii) In all four cases of arcs r the arc-length $=~F(t(t), corresponding to the 
pointy(t), increases steadily with t from - 00 to + 00. We assume that 
(2.5) JO) = 0. 
(iii) In Case 2 we have 
(2.6) fl- 0 =flt)> 
. 
so that f(t) is an even function. Observe that the continuity of f(t) impkes that 
at the endpoint of r we have 
(2.7) j(O) = 0. 
In Case 3 the motion At) along the closed curve r is periodic. If 2T is its 
smallest positive period, we have 
(2.8) 3(t + 2T) =3(t). 
In Case 4 we have again theperiodicity (2.8), and f(t) is also even, so that 
(2.9) A - f) =A0 
Again the continuity of f(t) implies in this case that 
(2.10) f(0) = 0, f(T) = 0. 
It follows fro? (2.6), (2:8), and (2.9), that vfor some t = to we havejl(Q = 
=Pd, then 13(t0) I assumes at P the same value, independent of to, and 
depending only on P. We denote this value by 
(2.11) loI,,I = IL&I> 
to indicate its dependence on P only. 
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So far we have mere/y endowed the Landau motion y(t) with a qualitative 
property which may be described by the term “steady’.‘, in the sense that it 
assumes at every point P, off’, always the same speed /fp 1, whether the point 
At) goes around r (Case 3, OF to and fro (Case 4). 
(iv) This is the quantitative characteristic property off If 
(2.12) f(t) E 04, 
and t = tl is such that 
(2.13) f(t,)=P, 
then 
In words: The speed ]fp/ of the Landau motion at the point PE r is never 
exceeded by the speed at P of any motion f(t) on F, such that /Act) 1 SA for all 
t. Thus f maximizes the speed at every point P of r, within the class of motions 
(r)A. 
There is an immediate consequence worth recording: 
COROLLARY 2. If y(t) is the Landau motion on r corresponding to A, then 
(2.15) L(T)=Ffl)= [[jII/ti. 
PROOF: Here F(J) is the functional (1.2), which is the subject of Lemma 1 
of L.P.1 $3. Lemma 1 states that if a motionf(t) satisfies its Property A, then it 
also has its Property B to the effect that L(T) =Ffl). Since the Property A of 
f(t) is guaranteed by our Theorem 1, the relation (2.15) follows. 
3. THE CONDITION Ifir) 5 A AMOUNTS TO A DIFFERENTIAL INEQUALITY 
Let f(t) E (r) and let s = s(t) denote the arc-length corresponding to the point 
f(t) of r. Also the speed 
(3.1) v= 2 = k f(t)/ 
is a function of t. Let us assume that 
(3.2) f(t) and R(s) are continuous if a<t<P. 
At the point f = f(t) = (x, y) we draw a half-line tangent to fin the direction of 
increasing s, and denote by ~0 its angle with the x-axis. Then by (3.1) the 
following classical relations hold 
(3.3) $=$$=flJ, 
(3.4) i= $ = 22 =vcos$!) 
(3.5) j=v sin p. 
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Differentiating again the last two relations, we obtain by (3.3) that 
V2 z?= 3cos fp- -sin ~a, 
R 
(3.6) 
V2 j;=irsinp+ ~~0s cp. 
These give the well-known components of the acceleration fin the direction of 
the tangent and the normal to rat the point f= (x,y). Since 
/fit> 12 EiiJ.2 +j;2 = $ + $, 
we immediately conclude the following: The inequality 
(3.7) I&) 12sA2 
holds, ifund only if 
(3.8) 
V4 +z&- - 
R2 
is satisfied. 
Since 9 = dv/dt = (dv/ds)(ds/dt) = v(dv/ds) we may also write (3.8) as 
(3 99) v2(dv/dsj2 5 A2 - v4R - 2. 
This we multiply by 16 v4 to obtain 
(3.10) (4v3$ 16v4(A2- $), 
A glance at this shows that we should introduce the new variable 
(3.11) #=V4 
to obtain the inequality 
(3.12) &6u(A2- ;). 
Clearly, as shown, (3.9) implies (3.12), but the converse is true only if vf 0. 
However, for motions f(t) satisfying 
(3.13) f(t)E<s)nd, 
we have the important. 
LEMMA 1. We assume R(s) (#0) andJt) to be continuous at the time t. In 
terms of the variable u = v4 the inequality 
(3.14) [&)I SA 
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is equivalent with the differential inequality 
(3.15) (++- &). 
Moreover, the equation 
(3.16) I&)/ =A 
is equivalent with the differential equation 
(3.17) ($)L qA’- -$--). 
4. THE NATURE OF THE SOLUTIONS OF THE D.E. (3.17) 
The main features of our problem will arise clearly if we consider the Case 3 
of a simple closed curve rof length 21. We assume moreover R(s) to have only 
isolated and finitely many maxima and minima. As we are interested in motions 
satisfying (3.14), the inequality (3.15) shows that we are to consider in the (s, u)- 
plane the open domain 
(4.1) sz: 0 < u <A2R2(s), (--<<s<oD), 
a period (0, 21) of which is shown in fig. 1. 
Writing 
(4.2) U(u, s) = 41/u(A2 - u/P(s)), 
we observe the following: 
1”. That the D.E. (3.17) reduces to the two D.E. 
(4.3) 2 = U(u, s) 
and 
(4.4) 2 = - U(u,s). 
2”. The upper boundary of D is the curve 
(4.5) y: u = A2(R(s))2, (-m<s<m). 
At every point (s, u) of SE the D.E. (4.3) and (4.4) define two line elements of 
slopes f U(u,s). For a fixed s the slope U(u,s) is the square root of a quadratic 
polynomial in u, and therefore assumes its maximal value at the midpoint 
u = +12R2(s) of the ordinate of y, and decreases to zero as u approaches one of 
its endpoints u = 0, or u =A2R2(s). (See fig. 1). 
3”. That each of the D.E. (4.3) and (4.4) satisfies a Lipschitz condition 
1 ww)- W2J) I <KI Ul - u2 1 in every compact subset of 52, with the 
constant K depending on the subset. 
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Fig. 1 
4”. It follows that 52 is covered simply by a family of solutions of the D.E. 
(4.3) which are also the increasing solutions of the D.E. (3.17). Let 
(4.6) 
du 
V/+ denote the class of solutions of z = I/@, s). 
Likewise, let 
(4.7) 
du I/- denote the class of solutions of z = - U(u,s). 
These are the decreasing solutions of (3.17). 
5O. Through every point (sg,uO) of 0 there passes a unique increasing 
solution u = u, (s), and a unique decreasing solution u = u- (s). Also that 
u = u+(s) has a feft endpoint on either the line u = 0, or on the curve y; its slopes 
at these endpoints must vanish. The same holds for the right endpoint of the 
graph of u = u-(s). 
6”. The last remark shows that there is a partition 
(4.8) v+=v;uvl:, 
where V’, denotes the subclass of increasing solutions having their !eft endpoint 
on u = 0, while Vy is the subclass with left endpoint on y. In fig. 1 we show the 
graphs 
P+Q+EV!+ andS+T+EVlf. 
Similarly, we have the dichotomy 
(4.9) v-=v’_uv!, 
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where the criterion is the location of the right endpoint of the graph. In fig. 1 we 
have 
P-Q-ET?- andS_T-El?!. 
7”. Let f(t) be a motion on r satisfying the conditions 
(4.10) &)I &4 and IAt)/ >O, if tz<t<j?. 
From 1 v) = Ifit) I >O we conclude that its arc-length s =s(t) is sfrictfy 
monotone. Replacing f(t) by f( - t), if necessary, we may even assume that 
v = ds/dt > 0. Let therefore f(t) move on the arc 
(4.11) I’]“: s’=s(a)<s<s”=s(B), 
and let 
(4.12) ~=(v(~))~=u(.s), (s’<s<s”) 
be the corresponding curve in the (s, @-plane. 
If I= (so, u(sO)), (s’<s,-,<s”), is a point of the arc (4.1 l), and 
(4.13) P+IQ, E V+, P-IQ- E V-, 
are the elements of V, and V- passing through I, then 
(4.14) 
I 
the arc IT” can not cross either of the arcs P,Q, and P-Q-, 
except, of course, at the point I. 
This important remark follows from Lemma 1, in particular the inequality 
(3.15), which implies that along the arc 1’1” we must have the inequalities 
(4.15) 
du - U(U,S)~ z s ww). 
This follows from well-known properties of differential inequalities. 
5. THE CRITICAL MOTIONS ON l- 
We begin by defining the so-called critical motions (abbreviated to C.M., 
plural C.Ms.) 
(5.1) u = MS), 
one such C.M. being associated with every minimum point M of the curve 
(5.2) y: I.4 = A2R2(s), (--<s<oo). 
Let all its minimum points within the period 0 sss 21 be 
(5.3) Mj = (q,A2R2(q)), (i=O, ,.., k; q,=O, q=21), 
and let M denote one of them (fig. 2). 
By integrations of the equations (4.3) and (4.4), respectively, we determine 
the two arcs 
(5.4) M-ME V! and MM+ E V’f, 
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terminating at the points M- and M+ of y, Let 
(5.5) u = l.&(s), (a- ssja+), 
denote the function having as graph the arc M-MM+. It also defines a motion 
(5.6) yM(t) on the arc o- sss:a+ of K 
The connection with the variable t is established by the equations ds/dt = v = 
= (r&(s))+ which show that 
s 
(5.7) t= ds +to, 
5 (r hfwf 
(c7- sssaf), 
when t= to at the point M. The mot+ (5.6) is defined only on the arc 
o- sss o+ and has the property that 1 j’(t) 1 =A in all its points. 
What happens before s = b- , or after s = 0 +? The answer is that the motion 
j&t) is not defined there. It is important to realize that no matter how we 
extent the definition of (5.5) for S<IT-, or S>CT+, continuously, we get a 
motion such that 
(5-g) Ifit) >A justbefores=a-, andjustafters=a+. 
This follows from Lemma 1, because the inequality (3.15) must be violated 
immediately before s = Q-, and immediately after s = o + . 
We already know from Lemma 1 that the (s, u)-graph of a motion f(t) E (r), 
can not possibly have a point above the curve y defined by (5.2). However, 
much more is true: 
LEMMA 2. It is itipossible that the (s, u)-graph 
(5.9) u = u(s) of a motion f(t) rz (QA 
should contain a point J which lies between the graph M-MM+ of the critical 
motion i&(s) and the curve y. 
PROOF: Assuming J to be above M-M, we consider through J the arc 
(5.10) N-JNE V!, 
hence a solution of the D.E. (4.4) which must terminate, by (4.14), at a point N 
of y with vanishing slope. Indeed by (4.14) the graph of (5.9) must cross y and 
thereby lead to the forbidden inequality 
(5.11) I&,[ >A. 
The following is a 
COROLLARY 3. h?t 
(5.12) u = f&(s), (a- <sea+) 
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be the critical motion associated with the minimum point M. Let 
(5.13) u=u(s) 
be in the (s, @-plane the function for the motion f(t) E (0,. If at the times tl 
and t2 thepoints f(tl) andfM(tz) coincide at apoint of the arc cr- <s< of, then 
we have the inequality 
(5.14) IAh) I s I.?hf(t*) I* 
In words: The critical motion fM(t), of (5.6), is the fastest motion satisfying 
If(t) 1 sA, and at the same time capable of rounding the “corner” M. 
6. CONSTRUCTION OF THE LANDAU MOTION At, 
We consider the k + 1 minimum points of y within the period [0,21], and the 
corresponding critical motions 
(6.1) f&fi(S), or: <s < ai’ ) (i=O, 1, . . ..k). 
Now we define the Landau motion by 
(6.2) G(s) = min l?,(s), (05s521). i 
This is by definition the (s, u)-function of the Landau motionf(t) of Theorem 1, 
and we are to show that it enjoys the properties claimed for it by Theorem 1. 
Referring again to fig. 2, the graph of the function (6.2) is the composite curve 
M0C,M2C2MC3M4, assuming that k = 4. 
The first thing to observe is that (6.2) defines U(S) throughout the period 
[O, 211. This requires showing that 
(6.3) {oj~sZf}CiJ {ai-<SCO:}. 
i=o 
This becomes apparent as soon as we realize in fig. 2 that the graphs of the 
consecutive critical motions intersect each other so that their domains of 
u 





1 I I 
0 r- r u+ 2e 8 
Fig. 2 
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definition cover the entire period [0,21]. To be sure, it is well possible that some 
of the critical motions will play no role in the formation of the minimum (6.2). 
Such is the case for the minimum point A4r of fig. 2. 
The intersection property of the C.Ms. is seen as follows: We start from MO 
and obtain the arc MOM; E V’: . The arc MOM; has zero slope at lwof and there- 
fore Ml is on a descending branch of the curve y. We proceed from A4; along y 
to the next strict minimum point M2. This means that y decreases trictly along 
Ml MZ. But then the arc MT& E I?! is sure to intersect MOM; at some point 
Cl, because it can not possibly terminate on A40fM2 with a vanishing slope, as it 
should. 
From v = ds/dt = (ti(~))~ we obtain the dependence on the time variable t by 
setting 
which holds for all t if we first extend G(s) to all s with the period 21. That the 
motion.&) just defined has all the properties required by Theorem 1 for Case 3 
is readily seen, including the essential extremum property (iv). All these follow 
from appropriate applications of Corollary 3. 
The case when R(s) has jump-discontinuities presents no special difficulty: 
The vertical segments brigging the discontinuities of y should be treated as 
integral parts of the curve y. 
In Cases 2 and 4 we must assign to R(s) the value zero at the endpoints of r 
and treat them as minimum points of y. In the next paper L.P.111 we discuss 
some special cases which will help to clarify these matters. 
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